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Abstract

In this paper we present a simple proof of the Ivory’s Theorem for 2-dimensional case in Euclidean geometry.
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Introduction

Ivory’s Theorem is one of the famous statements with wide applications in Physics and due to
exist many generalizations, tabular referred in [1]. We concerned with proof of the simplest
2-dimensional version. To prove it, we use an elliptical coordinate system [2]. From this point
of view, in this paper the problem is analyzed like a didactical note to conics and their
attractive properties.

Confocal conics

Confocal conics are conics sharing the focuses. The set of confocal conics (ellipse, hyperbola)
is states by equation
x* Y (1)
a?—1 b2—-21 ’
where a is the semimajor axis, b is the semiminor axis and A € R is parameter. We can
suppose that b? < a?. It holds true that

a) for —oo < A < b? the equation (1) represents an ellipse,

b) for b? < A < a? the equation (1) represents a hyperbola.

Short history of the Ivory’s Theorem

The original version of this theorem deals with confocal quadrics. British mathematician
James Ivory (1765-1842) computed the gravitational field created by a solid homogenous
ellipsoid. In particular, French mathematician Michel F. Chasles (1793-1880) formulated the
statement what is now famous like the lvory’s Theorem. [3]

Theorem

The diagonals of a quadrilateral made by arcs of confocal ellipses and hyperbolas are equal.
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Proof. Let us consider two confocal ellipses

x2 yZ x2 yZ (2)
= 1, k = = 1,

4 Tron T, b

for0 <b<a,—o <A <bh?—00< A3 <b? A #As.

k =
1 az

The confocal hyperbolas corresponding to the focuses of the ellipses (2) have equations

x? y? x? y? (3)
—/12+b2—/12=1, k4:= a? + =L

forb? <1, <a?,b? <A, <a? A, #,.

k =
2 az

_A4 bz_lzl_

Fig. 1a Fig. 1b

Let us fix the intersection points

My, =kyNky, My, =k, Nk,, My, =k, Nk;, M3, = k3 Nk, inthe 1 quadrant (see Fig.
1a). Their coordinates are in the form

(a?-1)(a?-2))  [(b2-2)(b2-2 (4)
Myj[xij, yij] = My, [\/ T \/ bi—a? |

The labels of the coordinates of the points M;; in (4) will be fixed for the purpose of the
following computing.

1) At first we prove that |[M;,M3,|? = |M;,M5,|? . Let us calculate
|M1;M34]* = (215 — x34)% + (V12 — Y34)?
|M1,M3,]* = x122 + x32'4 + Y122 + Y3?4 — 2(x12X34 + Y12Y34)

(m;;l(az —A) | JITE (b7 — m)

4
|M12M34|2:2(a2+b2)—z/1i_2 laz — b2| |b2 — a?|

i=1

And finally we obtain
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4 4 4
|
|M12M34|2 = 2(612 + bz) - z Ai - m 1_[(612 - /11) + H(bz - /11) (5)
The result is symmetrical in permutation of indices. It implies that |M;,M3,|? = |M;,M5,|?.

2) The restriction for the curved quadrilateral M, M;,M5, M, is not necessary.

Another curved quadrilaterals can be considered, e.g. M ;N;4N3,M3,, M;,0,,03,M3, and
M, P;4P34M5, (see Fig. 2a, b, c). We compute the square of the lengths in these cases.

Remark. Visually, in Fig. 2 we fix the curved side M;, M, and the point M, , resp. M5, "move along” the ellipse k;,
resp. ellipse k, to the corresponding intersections points.

Fig. 2a Fig. 2b

Fig. 2c

In previous notation and in usage of axial symmetry of conics, we derive that Ny4[—X14, Y141,
N3, [_x34; )J34] . Holds
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|M13N341% = (X1 + x34)% + (V12 — ¥34)?
|M1;N34]% = x%z + x§4 + )’122 + )’3?4 + 2(X12X34 — Y12¥34)

MizNal? = 2(a% + b2) = Tty 2 + o (VT (@2 = 1) = JTTZ, (7 = 4))  (6)

By analogy, the result is symmetrical in permutation of indices. It implies that

|M12N34|2 = |N14M32|2-

Following the ideas, we obtain 0;4[—X14, —V14], O34[—X34, —¥34] and holds

IM13034]% = (X1 4+ X34)% + (Y12 + ¥34)?

IM1;N341? = 2(a® +b?) — Xi A + 2 (\/H?:l(az - )+ \/H?:l(bz - Az)) (7)

a?—b?
It also implies that
|M12034|2 = |014M32|2-
Finally, for the points Pj4[x14, —V14], P3alX34, —V34] we derive

IM15P341% = (x13 — x34)% + (V12 + ¥34)?

IMioPsal? = 2(a% + ) = By 4+ — (—VTT, (@2 = 2) + VT, (02 = 1)) (8)

aZ_bZ
We obtain that
|M12P34-|2 = |P14M32|2-

Fig. 3a Fig. 3b

3) If we apply the axial symmetry of the conics, then we construct another curved
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guadrilaterals which corresponding diagonals have equal lengths. In Fig. 3a-c, the situations
related to fundamental positions of diagonals in Fig. 2a-c are drawn. The reader can verify
that in all cases we obtain the one of the formulas in form (5) — (8). [

Fig. 3c

Conclusion

We proved the planar version of the famous Ivory’s Theorem in Euclidean plane by using the
confocal elliptical coordinates. The classical result for curved quadrilateral lying in the 1%t
guadrant was extended. We derived the formulas for square of the lengths of the diagonals
of the fundamental quadrilaterals, too. Application of axial symmetries of the conics allows us
to demonstrate that there exist only four different values of the lengths of the diagonals.
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